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ON THE SECOND DUAL SPACE OF BANACH SPACE OF
VECTOR-VALUED LITTLE LIPSCHITZ FUNCTIONS
SHINNOSUKE IZUMI
Abstract. Let X be a compact metric space and E be a Banach space. lip(X,E)
denotes the Banach space of all E-valued little Lipschitz functions on X . We show
that lip(X,E)∗∗ is isometrically isomorphic to Banach space of E∗∗-valued Lipschitz
functions Lip(X,E∗∗) under several conditions. Moreover, we describe the isometric
isomorphism from lip(X,E)∗∗ to Lip(X,E∗∗).
1. Introduction
Let X be a compact metric space with metric d, K be a field of real number or
complex number, E be a Banach space over K with norm ‖ · ‖E and 0 < α ≤ 1 .
C(X,E) denotes the Banach space of all E-valued continuous functions on X with
norm
‖f‖C(X,E) := sup
x∈X
‖f(x)‖E .
If f ∈ C(X,E) satisfies the condition
LX,E(f) := sup
x,x′∈X
x 6=x′
‖f(x)− f(x′)‖E
d(x, x′)α
<∞,
then we say that f is α-Lipschitz. In particular, if α = 1, then we say that f is
Lipschitz. Lipα(X,E) denotes the set of all E-valued α-Lipschitz functions on X . If
f ∈ Lipα(X,E) satisfies the condition
lim
d(x,x′)α→0
‖f(x)− f(x′)‖E
d(x, x′)α
= 0,
then we say that f is little α-Lipschitz. In particular, if α = 1, then we say that f is
little Lipschitz. lipα(X,E) denotes the set of all E-valued little α-Lipschitz functions
on X . In case that E = K, we simply write Lipα(X) := Lipα(X,K) and lipα(X) :=
lipα(X,K), respectively. In case that α = 1, we simply write Lip(X,E) := Lip1(X,E)
and lip(X,E) := Lip1(X,E), respectively.
Clearly, Lipα(X,E) is a Banach space over K with respect to the norm
‖f‖max := max
{
‖f‖C(X,E),LX,E(f)
}
(f ∈ Lip(X,E)),
and lipα(X,E) is a closed subspace of Lipα(X,E). Moreover, if 0 < α < 1, then
Lip(X,E) ⊂ lipα(X,E).
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For any Banach space B, B∗ and B∗∗ denote the dual space and second dual space
of B, respectively. Also, b∗ and b∗∗ denote the elements of B∗ and B∗∗, respectively.
N. Weaver defined in [8] the following property to get a Stone-Weierstrass type the-
orem.
Definition 1 (Weaver[8]). Let X be a compact metric space with metric d. We say
that lip(X) separates points uniformly if there exists a constant c > 1 such that for any
x, x′ ∈ X with x 6= x′, some f ∈ lip(X) satisfies LX,K(f) ≤ c and |f(x) − f(x
′)| =
d(x, x′).
In [1], W. G. Bade, P. C. Curtis Jr. and H. G. Dales showed that lipα(X) separates
points uniformly for 0 < α < 1.
L. G. Hanin [3] and N. Weaver [8] showed following theorem:
Theorem A (Hanin[3] and Weaver[8]). Let X be a compact metric space. The following
are equivalent:
(a) lip(X) separates points uniformly.
(b) There exists b > 1 such that for any g ∈ Lip(X) and any finite subset S ⊂ X,
some f ∈ lip(X) satisfies LX,K(f) ≤ bLX,K(g) and f(x) = g(x) for x ∈ S.
(c) lip(X)∗∗ is isometrically isomorphic to Lip(X), via the mapping Λ : lip(X)∗∗ →
Lip(X) defined by
(Λf ∗∗)(x) = f ∗∗(τx)
(
f ∗∗ ∈ lip(X)∗∗, x ∈ X
)
,
where τx is evaluation functional at x.
Also, J. A. Johnson [4, Theorem 4.7], and W. G. Bade, P. C. Curtis Jr. and H. G.
Dales [1, Theorem 3.5] showed that lipα(X)
∗∗ is isometrically isomorphic to Lipα(X).
For vector-valued case, J. A. Johnson took up in [4] the Banach space lipα(X,E) and
proved the following theorem:
Theorem B (Johnson[4]). Let X be a compact metric space with metric d, E be a
Banach space and 0 < α < 1. If either E∗ or lipα(X)
∗ has approximation property,
then lipα(X,E)
∗∗ is isometrically isomorphic to Lipα(X,E
∗∗).
In this paper, we take up the Banach space lip(X,E) and get the following result:
Theorem 1. Let E be a Banach space and X be a compact metric space with metric
d. If lip(X) separates points uniformly and either E∗ or lip(X)∗ has approximation
property, then lip(X,E)∗∗ isometrically isomorphic to Lip(X,E∗∗).
2. Preliminaries
Through this section, we assume that X is a compact metric space and E is a Banach
space with norm ‖ · ‖E.
Proposition 2.1. Let e∗ ∈ E∗ and f ∈ lip(X,E). A function e∗ ◦ f : X → K defined
by
(e∗ ◦ f)(x) = e∗(f(x)) (x ∈ X)
enjoys e∗ ◦ f ∈ lip(x) and ‖e∗ ◦ f‖
max
≤ ‖e∗‖E∗‖f‖max
3Proof. Straightforward. 
The next proposition implies that lip(X)∗ has the Radon-Nikody´m property (see e.g.,
[6, Corollary 5.42]).
Proposition 2.2. If lip(X) separates points uniformly, then lip(X)∗ is separable.
Proof. It follows from compactness of X that there exists a countable dense subset C
of X . By using the assumption, {τx}x∈C is countable subset of lip(X)
∗. Q denotes the
subset of K such that real and imaginary parts are rational numbers. Note that Q is
countable dense subset of K. Put
L.h.Q{τx}x∈C :=
{
N∑
k=1
βkτxk : N ∈ N, βk ∈ Q, xk ∈ C(k = 1, . . . , N)
}
and
L.h.K{τx}x∈X :=
{
N∑
k=1
βkτxk : N ∈ N, βk ∈ K, xk ∈ X(k = 1, . . . , N)
}
.
It follows from countability of {τx}x∈C and Q that L.h.Q{τx}x∈C is countable subset
of lip(X)∗. By using the density of C and Q, we see that the closure of L.h.Q{τx}x∈C
with respect to the norm ‖ · ‖lip(X)∗ contains L.h.K{τx}x∈X . Since L.h.K{τx}x∈X is dense
subset of lip(X)∗ (see e.g., [4, Theorem 4.5]), L.h.Q{τx}x∈C is countable dense subset of
lip(X)∗. 
The next proposition implies that norm of lip(X,E)∗ is the cross norm on algebraic
tensor product E∗ ⊗ lip(X)∗.
Proposition 2.3. Let e∗ ∈ E∗ and h∗ ∈ lip(X)∗. A functional e∗ ⊗ h∗ on lip(X,E)
defined by
(e∗ ⊗ h∗)(f) = h∗(e∗ ◦ f) (f ∈ lip(X,E)).(1)
enjoys e∗ ⊗ h∗ ∈ lip(X,E)∗ and ‖e∗ ⊗ h∗‖lip(X,E)∗ = ‖e
∗‖E∗‖h
∗‖lip(X)∗ .
Proof. Let f ∈ lip(X,E) be arbitrary. By Proposition 2.1, we have
|(e∗ ⊗ h∗)(f)| ≤ ‖h∗‖lip(X)∗‖e
∗ ◦ f‖max ≤ ‖h
∗‖lip(X)∗‖e
∗‖E∗‖f‖max.
Therefore, we have e∗ ⊗ h∗ ∈ lip(X,E)∗ and ‖e∗ ⊗ h∗‖lip(X,E)∗ ≤ ‖e
∗‖E∗‖h
∗‖lip(X)∗ .
Let e ∈ E and h ∈ lip(X) be arbitrary. Put f(x) := h(x)e (x ∈ X). Then,
f ∈ lip(X,E) and ‖f‖max = ‖e‖E‖h‖max. Since the equation (e
∗e)h = e∗ ◦ f holds on
X , we have
|e∗e||h∗h| = |h∗((e∗e)h)| = |h∗(e∗ ◦ f)|
= |(e∗ ⊗ h∗)(f)| ≤ ‖e∗ ⊗ h∗‖lip(X,E)∗‖e‖E‖h‖max.
Therefore, we have ‖e∗‖E∗‖h
∗‖lip(X)∗ ≤ ‖e
∗ ⊗ h∗‖lip(X,E)∗ and ‖e
∗ ⊗ h∗‖lip(X,E)∗ =
‖e∗‖E∗‖h
∗‖lip(X)∗ . 
Finally, we prove the following proposition:
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Proposition 2.4. If lip(X) separates points uniformly, then E∗ ⊗ lip(X)∗ is dense in
lip(X,E)∗.
This proposition can be proved tracing a method in [4]. If lip(X) separates points
uniformly, then we have
E∗ ⊗ {τx}x∈X ⊂ E
∗ ⊗ lip(X)∗ ⊂ lip(X,E)∗.
Therefore, to prove the Proposition 2.4, we show that E∗⊗{τx}x∈X is dense in lip(X,E)
∗
if lip(X) separates the points uniformly.
Let us introduce several notations. Set
∆ := {(x, x′) ∈ X ×X : x = x′},
W := (X ×X)r∆,
K := X ∪W,
so that K is locally compact space. C0(K,E) denotes the Banach space of E-valued
continuous functions which vanish at infinity. We embed lip(X,E) in C0(K,E) in the
usual way;
f˜(x) := f(x) (x ∈ X),
f˜(x, x′) :=
f(x)− f(x′)
d(x, x′)
((x, x′) ∈ W ),
f˜(ω) := 0,
where ∞ is the point at infinity. Hence lip(X,E) can be considered as a subspace of
C(Kω, E), where Kω is the one-point compactification of K.
Let Y be a compact Hausdorff space. Then C(Y,E)∗ is isometrically isomorphic to
M(Y,E∗), whereM(Y,E∗) is the Banach space of E∗-valued countably additive regular
Borel measures on Y with finite variation (see e.g., [2, Theorem 1.7.1]).
Let µ ∈ M(X,E∗). A functional f ∗µ on lip(X,E) defined by
f ∗µf :=
∫
X
f(x) dµ(x) (f ∈ lip(X,E))(2)
enjoys f ∗µ ∈ lip(X,E)
∗. Set
N :=
{
f ∗µ : µ ∈M(X,E
∗) and f ∗µ is represented as (2)
}
.
Clearly, if lip(X) separates points uniformly, E∗ ⊗ {τx}x∈X is contained in N .
To prove Proposition 2.4, we first show that following proposition:
Proposition 2.5. N is dense in lip(X,E)∗.
Proof. Let f ∗ ∈ lip(X,E)∗ be arbitrary. By using the Hahn-Banach theorem, there
exists µ ∈M(Kω , E
∗) such that
f ∗f =
∫
K∞
f˜ dµ (f ∈ lip(X,E)).
5Fix a point x0 ∈ X . For each n = 1, 2, 3, . . ., set
Xn := {x ∈ X : d(x, x0) ≤ n}
and
Wn := {(x, x
′) ∈ W : x, x′ ∈ Xn and d(x, x
′) ≥ 1/(n+ 1)}.
Put Kn := Xn ∪Wn. Then, {Kn}
∞
n=1 is an increasing sequence of compact sets whose
union is K. For each n = 1, 2, 3, . . ., put
f ∗nf :=
∫
Kn
f˜(x) dµ(x) (f ∈ lip(X,E)).
Then, for any f ∈ lip(X,E), we have
|f ∗f − f ∗nf | =
∣∣∣∣∫
Kω
f˜(x) dµ(x)−
∫
Kn
f˜(x) dµ(x)
∣∣∣∣
=
∣∣∣∣∫
KωrKn
f˜(x) dµ(x)
∣∣∣∣ ≤ ∫
KωrKn
‖f˜(x)‖E d|µ|(x)
≤ |µ|(K rKn)
(
sup
x∈Kω
‖f˜‖E
)
≤ |µ|(K rKn)‖f‖max,
where |µ| is variation of µ. Hence we have
‖f ∗n − f
∗‖lip(X,E)∗ ≤ |µ|(K rKn).
Since |µ| is countably additive and
⋃∞
n=1Kn = K, we have ‖f
∗
n − f
∗‖lip(X,E)∗ → 0. We
next show that f ∗n ∈ N . For any f ∈ lip(X,E), we have
f ∗nf =
∫
Xn
f(x) dµ(x) +
∫
Wn
f˜(x, x′) dµ(x, x′)
=
∫
Xn
f(x) dµ(x) +
∫
Wn
f(x)
d(x, x′)
dµ(x, x′)−
∫
Wn
f(x′)
d(x, x′)
dµ(x, x′).
Since d(x, x′) is bounded away from zero on Wn, there exist µ1, µ2 ∈ M(X,E
∗) with
support contained in Xn such that∫
Wn
f(x)
d(x, x′)
dµ(x, x′) =
∫
Xn
f(x) dµ1(x)
and ∫
Wn
f(x′)
d(x, x′)
dµ(x, x′) =
∫
Xn
f(x) dµ2(x).
Hence we have
f ∗nf =
∫
Xn
f(x) d(µ+ µ1 − µ2)(x).
Therefore, we have f ∗n ∈ N . 
Next, we prove the following proposition:
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Proposition 2.6. If lip(X) separates points uniformly, then E∗ ⊗ {τx}x∈X is dense in
N .
Proof. Let f ∗µ ∈ N and γ > 0 be arbitrary. supp µ denotes the support of µ. By noting
that X is compact and that supp µ is closed in X , there exist x′1, . . . , x
′
N ∈ supp µ such
that supp µ ⊂
⋃N
j=1Bj, where Bj := {x ∈ X : d(x, x
′
j) < γ/(4|µ|(suppµ))}. Set
A1 := B1,
Aj := Bj r
j−1⋃
i=1
Bi (j = 2, . . . , N).
Then {Aj}
N
j=1 is a disjoint collection of Borel sets such that supp µ ⊂
⋃N
j=1Aj and
Aj ⊂ Bj (j = 1, . . . , N). We may assume that Aj 6= ∅ (j = 1, . . . , N) without loss
generality. Then, for each j = 1, . . . , N , we can choose xj ∈ Aj. Set
f ∗ :=
N∑
j=1
µ(Aj)⊗ τxj .
Then f ∗ ∈ E ⊗ {τx}x∈X . Let f ∈ lip(X,E) with ‖f‖max ≤ 1 be arbitrary. Set
g :=
N∑
j=1
f(xj)χAj ,
where χAj is the characteristic function on Aj . For any x ∈ suppµ, there exists a
unique i ∈ {1, . . . , N} such that x ∈ Ai. By noting that Ai ⊂ Bi, we have
‖g(x)− f(x)‖E = ‖f(xi)− f(x)‖E ≤ d(xi, x)
≤ d(xi, x
′
i) + d(x
′
i, x) <
γ
2|µ|(suppµ)
.
Therefore we have
sup
x∈suppµ
‖g(x)− f(x)‖E ≤
γ
2|µ|(suppµ)
.
Since ∫
X
g(x) dµ(x) =
N∑
j=1
(µ(Aj))(f(xj)) =
N∑
j=1
(µ(Aj)⊗ τxj )(f) = f
∗f,
we have
|f ∗f − f ∗µf | =
∣∣∣∣∫
X
g(x) dµ(x)−
∫
X
f dµ(x)
∣∣∣∣ = ∣∣∣∣∫
X
(g − f)(x) dµ(x)
∣∣∣∣
≤
∫
X
‖g(x)− f(x)‖E d|µ|(x) =
∫
suppµ
‖g(x)− f(x)‖E d|µ|(x)
≤ |µ|(suppµ)
(
sup
x∈suppµ
‖g(x)− f(x)‖E
)
≤
γ
2
.
7Hence we have
‖f ∗ − f ∗µ‖lip(X,E)∗ < γ.
Therefore, E ⊗ {τx}x∈X is dense in N . 
Proposition 2.5 and Proposition 2.6 imply that E∗ ⊗ {τx}x∈X is dense in lip(X,E)
∗
if lip(X) separates points uniformly. Therefore, E∗ ⊗ lip(X)∗ is dense in lip(X,E)∗ if
lip(X) separates points uniformly.
3. Proof of Main Theorem
In this section, we prove Theorem 1. To prove it, let us introduce several notations.
For any Banach spaces B1 and B2, B1 ⊗ε B2 and B1 ⊗pi B2 denote the algebraic tensor
product of B1 and B2 with injective cross norm ε and projective cross norm pi, respec-
tively. B1⊗̂εB2 and B1⊗̂piB2 denote the completion of B1 ⊗ε B2 and B1 ⊗pi B2 with
respect to the cross norm ε and pi, respectively.
Also, let us introduce several conditions as follows:
(A1) lip(X) separates the points uniformly.
(A2) Either lip(X)∗ or E∗ has the approximation property.
By Proposition 2.2, the condition (A1) implies that lip(X)∗ has Radon-Nikody´m prop-
erty.
By using the [6, Theorem 5.33], we get following lemma:
Lemma 3.1. Suppose (A1) and (A2). Then E∗⊗̂pi lip(X)
∗ is isometrically isomorphic
to
(
E⊗̂ε lip(X)
)∗
, via the map T : E∗⊗̂pi lip(X)
∗ →
(
E⊗̂ε lip(X)
)∗
defined by(
T
(
N∑
j=1
e∗j ⊗ h
∗
j
))(
M∑
i=1
ei ⊗ hi
)
=
N∑
j=1
M∑
i=1
(e∗jei)(h
∗
jhi)(3)
for any
∑n
j=1 e
∗
j ⊗ h
∗
j ∈ E
∗ ⊗pi lip(X)
∗ and
∑m
i=1 ei ⊗ hi ∈ E ⊗ε lip(X).
By Lemma 3.1,
(
E⊗̂ε lip(X)
)∗∗
is isometrically isomorphic to
(
E∗⊗̂pi lip(X)
∗
)∗
.
Lemma 3.2. The mapping U0 : E ⊗ε lip(X)→ lip(X,E) defined by
(U0z)(x) :=
M∑
i=1
hi(x)ei
(
z =
M∑
i=1
ei ⊗ hi ∈ E ⊗ε lip(X), x ∈ X
)
(4)
is a linear isometry.
Proof. Let z =
∑M
i=1 ei ⊗ hi ∈ E ⊗ε lip(X). Then we have
‖U0z‖C(X,E) = sup
x∈X
∥∥∥∥∥
M∑
i=1
hi(x)ei
∥∥∥∥∥
E
= sup
x∈X
sup
e∗∈E∗
‖e∗‖E∗≤1
∣∣∣∣∣e∗
(
M∑
i=1
hi(x)ei
)∣∣∣∣∣
= sup
e∗∈E∗
‖e∗‖E∗≤1
sup
x∈X
∣∣∣∣∣
M∑
i=1
(e∗ei)hi(x)
∣∣∣∣∣ = supe∗∈E∗
‖e∗‖E∗≤1
∥∥∥∥∥
M∑
i=1
(e∗ei)hi
∥∥∥∥∥
C(X)
(5)
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and
LX,E(U0z) = sup
x,x′∈X
x 6=x′
∥∥∥∑Mi=1 hi(x)ei −∑Mi=1 hi(x′)ei∥∥∥
E
d(x, x′)
= sup
x,x′∈X
x 6=x′
sup
e∗∈E∗
‖e∗‖E∗≤1
∣∣∣e∗ (∑Mi=1 hi(x)ei −∑Mi=1 hi(x′)ei)∣∣∣
d(x, x′)
= sup
e∗∈E∗
‖e∗‖E∗≤1
sup
x,x′∈X
x 6=x′
∣∣∣∑Mi=1(e∗ei)hi(x)−∑Mi=1(e∗ei)hi(x′)∣∣∣
d(x, x′)
= sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K
(
M∑
i=1
(e∗ei)hi
)
.
(6)
By using the equations (5) and (6), we have
‖U0z‖max = max
 supe∗∈E∗
‖e∗‖E∗≤1
∥∥∥∥∥
M∑
i=1
(e∗ei)hi
∥∥∥∥∥
C(X)
, sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K
(
M∑
i=1
(e∗ei)hi
)
= sup
e∗∈E∗
‖e∗‖E∗≤1
max

∥∥∥∥∥
M∑
i=1
(e∗ei)hi
∥∥∥∥∥
C(X)
,LX,K
(
M∑
i=1
(e∗ei)hi
)
= sup
e∗∈E∗
‖e∗‖E∗≤1
∥∥∥∥∥
M∑
i=1
(e∗ei)hi
∥∥∥∥∥
max
= ε(z).

By noting that E⊗̂ε lip(X) is completion of E ⊗ε lip(X), there exists a unique linear
isometry U : E⊗̂ε lip(X)→ lip(X,E) such that
Uz = U0z (z ∈ E ⊗ε lip(X)) .(7)
Lemma 3.3. Suppose (A1) and (A2). Then U is an isometric isomorphism from
E⊗̂ε lip(X) to lip(X,E).
Proof. It is sufficient to show that U is surjective. ran(U) denotes the range of U .
Clearly, ran(U) is closed subspace of lip(X,E). Here, we show that ran(U) is dense in
lip(X,E). Note that E∗⊗lip(X)∗ is subspace of
(
E⊗̂ε lip(X)
)∗
(see e.g., [6, Proposition
3.1(c)]), and that ‖ · ‖lip(X,E)∗ is cross norm on E
∗ ⊗ lip(X)∗ by Proposition 2.3. It is
easy to see that
ε∗(z∗) ≤ ‖z∗‖lip(X,E)∗ ≤ pi(z
∗) (z∗ ∈ E∗ ⊗ lip(X)∗) ,(8)
9where ε∗ is dual of the injective cross norm ε. By Lemma 3.1, we have
ε∗(z∗) = pi(z∗) (z∗ ∈ E∗ ⊗ lip(X)∗) .(9)
By combining (8) and (9), we have
‖z∗‖lip(X,E)∗ = pi(z
∗) (z∗ ∈ E∗ ⊗ lip(X)∗) .
Therefore, the mapping
J0 : (E
∗ ⊗ lip(X)∗, ‖ · ‖lip(X,E)∗) ∋ z
∗ 7→ z∗ ∈ E∗⊗̂pi lip(X)
∗
is an linear isometry. By using the Proposition 2.4, there exists a unique linear isometry
J : lip(X,E)∗ → E∗⊗̂pi lip(X)
∗ such that
Jz∗ = J0z
∗ (z∗ ∈ E∗ ⊗ lip(X)∗).
Let z∗ =
∑n
j=1 e
∗
j ⊗h
∗
j ∈ E
∗⊗pi lip(X)
∗ and z =
∑m
i=1 ei⊗hi ∈ E⊗ε lip(X) be arbitrary.
Then we have
(TJz∗)(z) = (Tz∗)(z) =
N∑
j=1
M∑
i=1
(e∗jei)(h
∗
jhi)
=
N∑
j=1
h∗j
(
M∑
i=1
(e∗jei)hi
)
=
N∑
j=1
h∗j(e
∗
j ◦ (Uz))
=
N∑
j=1
(e∗j ⊗ h
∗
j)(Uz) = z
∗(Uz) = (U∗z∗)(z).
By noting that E⊗̂ε lip(X) is completion of E ⊗ε lip(X), and that TJz
∗ and U∗z∗
are bounded on E⊗̂ε lip(X), the equation T J˜z
∗ = U∗z∗ holds on E⊗̂ε lip(X). By
noting that E∗ ⊗ lip(X)∗ is dense in lip(X,E)∗ by Proposition 2.4, and that TJ and
U∗ are bounded on lip(X,E)∗, the equation TJ = U∗ holds on lip(X,E)∗. Since
T : E∗⊗̂pi lip(X)
∗ →
(
E⊗̂ε lip(X)
)∗
and J : lip(X,E)∗ → E∗⊗̂pi lip(X)
∗ are isometries,
respectively, U∗ : lip(X,E)∗ →
(
E⊗̂ε lip(X)
)∗
is isometry. Therefore, ran(U) is dense
in lip(X,E). 
By Lemma 3.3, lip(X,E)∗∗ is isometrically isomorphic to
(
E⊗̂ε lip(X)
)∗∗
.
For any Banach spaces B1 and B2, B (B1, B2) denotes the Banach space of all
bounded operators from B1 into B2 with operator norm ‖ · ‖B(B1,B2).
Lemma 3.4. Suppose (A1). Then
(
E∗⊗̂pi lip(X)
∗
)∗
is isometrically isomorphic to
B (E∗,Lip(X)).
Proof. By [6, p.24],
(
E∗⊗̂pi lip(X)
∗
)∗
is isometrically isomorphic to B (E∗, lip(X)∗∗),
via the map Ψ:
(
E∗⊗̂pi lip(X)
∗
)∗
→ B (E∗, lip(X)∗∗) defined by
((Ψf ∗∗)(e∗)) (h∗) := f ∗∗(e∗ ⊗ h∗)
for any f ∗∗ ∈
(
E∗⊗̂pi lip(X)
∗
)∗
, e∗ ∈ E∗ and h∗ ∈ lip(X)∗.
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By Theorem A, B (E∗, lip(X)∗∗) is isometrically isomorphic to B (E∗,Lip(X)), via
the map Φ: B (E∗, lip(X)∗∗)→ B (E∗,Lip(X)) defined by
((ΦA)(e∗)) (x) := (Ae∗)(τx)
for any A ∈ B (E∗, lip(X)∗∗), e∗ ∈ E∗ and x ∈ X .
Set S := ΦΨ. Since Φ and Ψ are isometric isomorphisms, S is an isometric isomor-
phism from
(
E∗⊗̂pi lip(X)
∗
)∗
to B (E∗,Lip(X)). Moreover,
((Sf ∗∗)(e∗)) (x) = ((Ψf ∗∗)(e∗)) (τx) = f
∗∗(e∗ ⊗ τx)(10)
for any f ∗∗ ∈
(
E∗⊗̂pi lip(X)
∗
)∗
, e∗ ∈ E∗ and x ∈ X . 
Lemma 3.5. B (E∗,Lip(X)) is isometrically isomorphic to Lip(X,E∗∗).
Proof. The mapping R : B (E∗,Lip(X))→ Lip(X,E∗∗) is defined by
((RA)(x)) (e∗) := (Ae∗) (x) (A ∈ B (E∗,Lip(X)) , x ∈ X, e∗ ∈ E∗) .(11)
Then,
‖RA‖C(X,E∗∗) = sup
x∈X
sup
e∗∈E∗
‖e∗‖E∗≤1
|(Ae∗)(x)| = sup
e∗∈E∗
‖e∗‖E∗≤1
‖Ae∗‖C(X)
and
LX,E∗∗(RA) = sup
x,x′∈X
x 6=x′
sup
e∗∈E∗
‖e∗‖E∗≤1
|(Ae∗)(x)− (Ae∗)(x′)|
dX(x, x′)
= sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K(Ae
∗).
Therefore, we have
‖RA‖max = max
{
‖RA‖C(X,E∗∗),LX,E∗∗(RA)
}
= max
 supe∗∈E∗
‖e∗‖E∗≤1
‖Ae∗‖C(X), sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K(Ae
∗)

= sup
e∗∈E∗
‖e∗‖E∗≤1
max
{
‖Ae∗‖C(X),LX,K(Ae
∗)
}
= ‖A‖B(E∗,Lip(X))
Hence, R is a linear isometry. Let g ∈ Lip(X,E∗∗). The mapping A : E∗ → Lip(X) is
defined by
(Ae∗) (x) = (g(x)) (e∗) (e∗ ∈ E∗, x ∈ X).
It is clear that A is a linear operator. Also, we have
sup
e∗∈E∗
‖e∗‖E∗≤1
‖Ae∗‖C(X) = sup
x∈X
sup
e∗∈E∗
‖e∗‖E∗≤1
|(Ae∗)(x)| = sup
x∈X
sup
e∗∈E∗
‖e∗‖E∗≤1
|(g(x)) (e∗)|
= sup
x∈X
‖g(x)‖E∗∗ = ‖g‖C(X,E∗∗)
(12)
11
and
sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K(Ae
∗) = sup
x,x′∈X
x 6=x′
sup
e∗∈E∗
‖e∗‖E∗≤1
|(Ae∗)(x)− (Ae∗)(x′)|
dX(x, x′)
= sup
x,x′∈X
x 6=x′
sup
e∗∈E∗
‖e∗‖E∗≤1
|(g(x)) (e∗)− (g(x′)) (e∗)|
dX(x, x′)
= sup
x,x′∈X
x 6=x′
‖(g(x))− (g(x′))‖E∗∗
dX(x, x′)
= LX,E∗∗(g).
(13)
The equations (12) and (13) show that
‖A‖B(E∗,Lip(X)) = max
 supe∗∈E∗
‖e∗‖E∗≤1
‖Ae∗‖C(X), sup
e∗∈E∗
‖e∗‖E∗≤1
LX,K(Ae
∗)

= max
{
‖g‖C(X,E∗∗),LX,E∗∗(g)
}
= ‖g‖max
Therefore, we have A ∈ B (E∗,Lip(X)). Also, we have
((RA)(x)) (e∗) = (Ae∗) (x) = (g(x)) (e∗)
for any x ∈ X and e∗ ∈ E∗. Hence, R is isometric isomorphism from B (E∗,Lip(X))
to Lip(X,E∗∗). 
Proof of Theorem 1. Put
Qf ∗∗ := RST ∗(U−1)∗∗f ∗∗ (f ∗∗ ∈ lip(X,E)∗∗) ,
where R, S, T and U are as in above lemmas. Since R, S, T ∗ and (U−1)∗∗ are isometric
isomorphisms, Q is isometric isomorphism from lip(X,E)∗∗ to Lip(X,E∗∗). Therefore,
lip(X,E)∗∗ is isometrically isomorphic to Lip(X,E∗∗).
Next, we compute Qf ∗∗ for any f ∗∗ ∈ lip(X,E)∗∗. By using the equations (10) and
(11), we have
((Qf ∗∗)(x)) (e∗) =
(
(RST ∗(U−1)∗∗f ∗∗)(x)
)
(e∗) =
(
(ST ∗(U−1)∗∗f ∗∗)(e∗)
)
(x)
=
(
T ∗(U−1)∗∗f ∗∗
)
(e∗ ⊗ τx) =
(
(U−1)∗∗f ∗∗
)
(T (e∗ ⊗ τx))
= f ∗∗
(
(U−1)∗T (e∗ ⊗ τx)
)(14)
for any f ∗∗ ∈ lip(X,E)∗∗, x ∈ X and e∗ ∈ E. Here, we compute (U−1)∗T (e∗ ⊗ τx). Let
f ∈ lip(X,E) be arbitrary. Then there exists a sequence {zk}
∞
k=1 in E ⊗ε lip(X) such
that
‖Uzk − f‖max → 0 (k →∞).(15)
For each k = 1, 2, 3, . . ., zk is represented as follows:
zk =
Mk∑
i=1
e
(k)
i ⊗ h
(k)
i
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with some e
(k)
i ∈ E and h
(k)
i ∈ lip(X). Since U is an isometric isomorphism, we have
ε(U−1f − zk)→ 0 (k →∞).(16)
By using the equations (1), (3), (4) and (7), we get following estimate:∣∣((U−1)∗T (e∗ ⊗ τx)) (f)− (e∗ ⊗ τx)(f)∣∣
≤
∣∣(T (e∗ ⊗ τx)) (U−1f)− (T (e∗ ⊗ τx)) (zk)∣∣ + |(T (e∗ ⊗ τx)) (zk)− (e∗ ⊗ τx)(f)|
=
∣∣(T (e∗ ⊗ τx)) (U−1f − zk)∣∣+
∣∣∣∣∣
Mk∑
i=1
(
e∗e
(k)
i
)
h
(k)
i (x)− e
∗(f(x))
∣∣∣∣∣
=
∣∣(T (e∗ ⊗ τx)) (U−1f − zk)∣∣+
∣∣∣∣∣e∗
(
Mk∑
i=1
h
(k)
i (x)e
(k)
i − f(x)
)∣∣∣∣∣
≤‖T (e∗ ⊗ τx)‖ε∗ε(U
−1f − zk) + ‖e
∗‖E∗
∥∥∥∥∥
Mk∑
i=1
h
(k)
i (x)e
(k)
i − f(x)
∥∥∥∥∥
E
=pi(e∗ ⊗ τx)ε(U
−1f − zk) + ‖e
∗‖E∗ ‖(Uzk)(x)− f(x)‖E
≤‖e∗‖E∗‖τx‖lip(X)∗ε(U
−1f − zk) + ‖e
∗‖E∗‖Uzk − f‖max.
By using (15) and (16), we have(
(U−1)∗T (e∗ ⊗ τx)
)
(f) = (e∗ ⊗ τx)(f).
Now f is arbitrary, we have
(U−1)∗T (e∗ ⊗ τx) = e
∗ ⊗ τx.(17)
Therefore, by combining (14) and (17), we have
((Qf ∗∗)(x)) (e∗) = f ∗∗(e∗ ⊗ τx).

4. Examples
In this section, we give several examples using the Theorem 1.
Example 4.1. Suppose that 0 < α < 1. Then lipα(X) separates points uniformly (see
e.g., [1, Lemma 3.3]). Therefore by [4, Theorem 4.5], lipα(X)
∗ has the Radon-Nikody´m
property. It follows from Theorem 1 that lipα(X,E)
∗∗ is isometrically isomorphic to
Lipα(X,E
∗∗) if lipα(X)
∗ or E∗ has the approximation property.
Example 4.1 implies that Theorem 1 is generalization of [4, Theorem 5.13].
Example 4.2. Suppose that lip(X) separates points uniformly. Let K be a compact
Hausdorff space. C(K) denotes the Banach space of K-valued continuous functions on
K. Then C(K)∗ has the approximation property (see e.g., [6, p.74]). It follows from
Theorem 1 that lip(X,C(K))∗∗ is isometrically isomorphic to Lip(X,C(K)∗∗).
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Example 4.3. Suppose that lip(X) separates points uniformly. Let (Ω,M, µ) be a
σ-finite measure space and let p ∈ [1,∞]. Then Lp(Ω)∗ has the approximation prop-
erty (see e.g., [5, Theorem 6.16] and [6, pp.73–74]). It follows from Theorem 1 that
lip(X,Lp(Ω))∗∗ is isometrically isomorphic to Lip(X,Lp(Ω)∗∗). By noting that Lp(Ω) is
reflexive for any p ∈ (1,∞), lip(X,Lp(Ω))∗∗ is isometrically isomorphic to Lip(X,Lp(Ω))
for any p ∈ (1,∞).
Example 4.4. Suppose that lip(X) separates points uniformly. Let H be an infinite-
dimensional Hilbert space. A. Szankowski showed in [7] that B(H ) does not have the
approximation property. Therefore, by [6, Corollary 4.7], B(H )∗ does not have the
approximation property. On the other hand, if Lip(X) has the approximation property,
then so does lip(X)∗ by Theorem A and [6, Corollary 4.7]. It follows from Theorem 1
that lip(X,B(H ))∗∗ is isometrically isomorphic to Lip(X,B(H )∗∗) if Lip(X) has the
approximation property.
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